We consider the effect of spin-orbit coupling on the energy levels of a single-channel Josephson junction below the superconducting gap. We investigate quantitatively the level splitting arising from the combined effect of spin-orbit coupling and the time-reversal symmetry breaking by the phase difference between the superconductors. Using the scattering matrix approach we establish a simple connection between the quantum mechanical time delay matrix and the effective Hamiltonian for the level splitting. As an application we calculate the distribution of level splittings for an ensemble of chaotic Josephson junctions. The distribution falls off as a power law for large splittings, unlike the exponentially decaying splitting distribution given by the Wigner surmise -which applies for normal chaotic quantum dots with spin-orbit coupling in the case that the time-reversal symmetry breaking is due to a magnetic field.
I. INTRODUCTION
A Josephson junction is a weak link between two superconductors with an adjustable phase difference φ. The weak link may be a tunnel barrier or a normal metal. Fig. 1 shows, for example, a Josephson junction consisting of a small piece of normal metal (a quantum dot), connected to the superconductors by a pair of narrow constrictions (quantum point contacts). The excitation spectrum below the superconducting gap ∆ consists of discrete energies, called Andreev levels. In zero magnetic field, the energy levels ε n are determined by the normalstate transmission eigenvalues T n if ∆ ≪ /τ dw , where τ dw is the dwell time of an electron in the normal region (before it is converted into a hole by Andreev reflection at the superconductor). The relationship is
Each level is twofold spin-degenerate (Andreev doublet).
Recently the effect of spin-orbit coupling on Josephson junctions became a subject of investigation 2, 3, 4, 5, 6 . This is a subtle effect for the following reason: On the one hand, in the absence of magnetic fields the normal-state transmission eigenvalues T n are Kramers degenerate because of the time-reversal invariance of the normal system. On the other hand, one would expect a breaking of the degeneracy of the Andreev doublets because the phase difference between the superconducting contacts breaks the time-reversal symmetry of the system. Still, to leading order in ∆τ dw / the one-to-one relationship (1) between ε n and T n ensures that the Andreev levels remain degenerate for nonzero φ. As was pointed out by Chtchelkatchev and Nazarov 4 , to see a splitting of the Andreev doublets as a result of the combined effect of spin-rotation symmetry breaking by spin-orbit coupling and time-reversal symmetry breaking by the phase difference one has to go beyond the leading order in ∆τ dw / . This tunable level splitting was exploited in a proposal of Andreev qubits for quantum computation 4 . In this work we examine the splitting of the Andreev doublets quantitatively by calculating the first order correction to the energy levels in the small parameter ∆τ dw / . We concentrate our attention on the case when the quantum point contacts support one propagating mode each. We give a simple relation between the effective Hamiltonian for the level splitting of Chtchelkatchev and Nazarov 4 and the Wigner-Smith time delay matrix,
where S is the scattering matrix of the normal system. As an application, we calculate how the splittings are distributed for an ensemble of systems where the two superconductors are connected by a chaotic quantum dot, assuming that the spin-orbit coupling in the dot is strong enough that the dot Hamiltonian can be modeled as a member of the symplectic ensemble of Random Matrix Theory (RMT) 7, 8 . The present study in the regime ∆ ≪ /τ dw complements earlier work 9, 10 in the opposite regime ∆ ≫ /τ dw .
The paper is organized as follows. In Sec. II we employ the scattering matrix approach for calculating the first order correction in ∆τ dw / to the Andreev levels, and obtain the effective Hamiltonian for the level splitting in terms of the time delay matrix Q. For simplicity, we consider the single-channel case in Sec. II and give the multichannel extension in an Appendix. We apply our single-channel formula to a calculation of the splitting distribution for an ensemble of chaotic Josephson junctions in Sec. III. We conclude in Sec. IV with a comparison of the splitting distribution of the Andreev doublets and the Wigner surmise of RMT.
II. SPLITTING HAMILTONIAN AND WIGNER-SMITH MATRIX
For energies below the superconducting gap ∆ the Josephson junction supports bound states, with excitation energies given by the roots of the secular equation
where
and S e (ε) and S h (ε) are the scattering matrices of the normal system for electrons and holes. They are related as
where T = iσ 2 K is the time-reversal operator for spin-1/2 particles. The matrix σ 2 is the second Pauli matrix acting on the spin degree of freedom and K is the operator of complex conjugation. Relation (5) reflects the fact that in the normal part the dynamics of the holes is governed by the Hamiltonian
the negative of the time reversed electron Hamiltonian H e . We consider the case when the normal part is timereversal invariant, which imposes the self duality condition S = σ 2 S T σ 2 on the scattering matrix. (The superscript T refers to matrix transposition.) The elements of S e (ε) change significantly if ε is changed on the scale of /τ dw , therefore to leading order in ∆τ dw / one can neglect the energy dependence of S e (ε), and take it at the Fermi energy, S e (ε) ≈ S e (0). Making use of the self-duality of the scattering matrix, and introducing the usual block structure
the secular equation (3) can be simplified to
From this equation follows the relation (1) between the energies and the transmission eigenvalues. The correction of order ∆ 2 τ dw / comes from considering the energy dependence of the scattering matrix to first order, S(ε) ≈ S(0) + (dS/dε)ε. For simplicity, we restrict ourselves here to the case of two single-channel point contacts. (The extension to multichannel point contacts is given in App. A.) For single-channel point contacts the self-duality of the scattering matrix implies
where ρ, ρ ′ are complex numbers, 1 1 2 is the 2 × 2 unit matrix, 1 ≥ T ≥ 0 and U is a 2 × 2 unitary matrix. Writing the energy as ε 0 + δε with
and keeping terms up to linear order in the small quantities δε = O(∆ 2 τ dw / ) and ∆τ dw / , one finds the eigenvalue equation
for the energy correction δε. The matrix Q has the block structure
inherited from the transmission-reflection block structure (7) of the scattering matrix. The second term in the determinant (11) shifts both eigenvalues by the same amount δε shift , while the first, manifestly traceless term is responsible for the splitting ±δε split of the doublet. We see that the splitting is determined by the effective Hamiltonian
with Σ a traceless Hermitian 2 × 2 matrix having matrix elements of order unity. This is the result of The energies are the sum of a degenerate part ε0 + δε shift that is even in φ and a splitting ±δε split that is odd in φ, as explained in the text. The maximal splitting is reached at φ = π/2.
Chtchelkatchev and Nazarov 4 . Our analysis gives an explicit relation 16 between the matrix Σ and the time delay matrix Q,
This is the key relation that will allow us, in the next section, to calculate the level splitting distribution from the known properties of the time delay matrix in a chaotic system.
We conclude this section with a symmetry consideration. The shift δε shift is even in φ, just like the zeroth order term ε 0 . In contrast, the splitting δε split is odd in φ. This is in accord with the symmetry of the Hamiltonian H that gives the full excitation spectrum of the Josephson junction. Under time reversal, in our case of a time-reversal invariant normal part, it transforms as T H(φ)T −1 = H(−φ), therefore, for an eigenstate Ψ one has
An Andreev doublet is therefore of the form {ε(φ), ε(−φ)}. The decomposition of ε(φ) into even and odd parts in φ amounts to a decomposition of the doublet into a degenerate even part and an odd splitting part. The resulting φ dependence of the doublet is shown schematically in Fig. 2 .
III. SPLITTING DISTRIBUTION IN CHAOTIC JOSEPHSON JUNCTIONS
As an application of our general result (14) we calculate how the level splittings are distributed for an ensemble of Josephson junctions where the normal part is a chaotic quantum dot. We assume that the spin-orbit coupling inside the dot is strong enough that the dot Hamiltonian can be modeled as a member of the symplectic ensemble of RMT, i.e. that the spin-orbit time τ so is much shorter than τ dw .
The splitting distribution can be obtained from the known distribution of the scattering matrix 7 , and of the dimensionless symmetrized Wigner-Smith matrix 12 ,
The distributions of S and Q E are independent 12 , which makes it advantageous to express Q in terms of S and Q E :
In the single-channel case one has
The rates γ n are distributed according to
The distribution of the phases φ n is
The matrices of eigenvectors M 1 and M 2 are members of the group Sp(2) of 4 × 4 unitary symplectic matrices, and are uniformly distributed with respect to the Haar measure of the group 7, 12 . The Haar measure is given as
in terms of the metric tensor g, defined by
Here {x i } is a set of independent variables parameterizing the Sp(2) matrix M . A convenient choice to parameterize Sp(2) is the decomposition where W , U and V are SU(2) matrices, and θ ∈ [0, π/2]. It is seen that the SU(2)⊗SU(2) factor corresponding to the block-diagonal matrix with U and V cancels from the spectral decomposition (18) of Q E and S. Using the Euler angle parameterization for SU (2) ,
and similarly for the matrices V , W , one finds that the Haar measure on Sp(2) corresponding to the chosen parameterization is
(25) We define the maximal dimensionless splitting q of the Andreev levels (reached at φ = π/2) by the formula
The distribution of q is given by
Eq. (27) can be evaluated numerically. The resulting distribution is shown in Fig. 3 . The first two moments of
The splitting distribution near zero behaves as
For large splittings we find
In order to check our prediction (27) for the level splitting distribution, we have numerically simulated the chaotic quantum dot Josephson junction of Fig. 1 using the spin kicked rotator 13, 14 . The spin kicked rotator is a dynamical model, from which one can extract scattering matrices characteristic of chaotic cavities. These scattering matrices are given by
where F is a 2M × 2M matrix giving the stroboscopic time evolution of the model and P is a 4 × 2M projection matrix projecting onto the two single-channel point contacts (the factors of 2 in the dimensions are because of the spin). The quasienergy ε plays the role of the energy variable, measured in units of /t 0 with t 0 the stroboscopic time. For a more detailed description of this numerical model we refer the reader to Ref. 14. Scattering matrices generated through Eq. (31) are inserted into the secular Eq. (3), and the roots are found by varying the quasienergy. The dwell time in this model is τ dw = M/2 (again in units of t 0 ). We take M = 100 and ∆ = 2 · 10 −4 (in units of /t 0 ), so that ∆τ dw / = 10 −2 ≪ 1. By sampling about 10 5 different F , P , and φ we numerically obtain the distribution P (q) shown in Fig. 3 together with the analytical result (27). The agreement is very good.
IV. DISCUSSION

A. Summary
We have investigated the effect of spin-orbit coupling on the subgap spectrum of single-channel Josephson junctions. Using the scattering matrix approach and considering the energy dependence of the scattering matrix to first order we obtained a simple relation, Eq. (14), between the effective Hamiltonian governing the level splitting and the quantum mechanical time delay matrix Q = −iS † dS/dε. This relation allowed us to find the splitting distribution for an ensemble of chaotic Josephson junctions using the known properties of Q. We verified our result numerically by simulating the chaotic Josephson junction using the spin kicked rotator, and we found excellent agreement.
B. Comparison of the splitting distribution with the Wigner surmise
In the inset of Fig. 3 we compare the splitting distribution of the Andreev doublet with the Wigner surmise of RMT 8 ,
(For this comparison the energy scale is set such that the average splitting is unity.) The motivation behind this comparison is the fact that the Wigner surmise is also a splitting distribution: as shown in App. B it describes the distribution of the splittings of Kramers doublets for normal chaotic quantum dots with spin-orbit coupling in the case that the time-reversal symmetry is broken by a magnetic field. At small splittings, both P and P W decay quadratically. This quadratic decay is a generic feature of the splitting of a Kramers degenerate level due to timereversal symmetry breaking. It follows from the fact that the splitting Hamiltonian is a 2 × 2 Hermitian traceless matrix without further symmetries and from a power counting argument 15 similar to the one leading to the quadratic decay of P W .
While at small splittings the two distributions decay in the same way, we find qualitative differences in the opposite limit. At large splittings P decays like a power law in contrast to the exponential decay of P W [cf. Eqs. (30) and (32)].
We attribute the deviation of P from the Wigner surmise to the nonuniform way in which time-reversal symmetry is broken: While the magnetic field in App. B acts uniformly throughout the normal quantum dot, the superconducting phase difference in the Josephson junction acts nonuniformly at the point contacts. The eigenvalues of H 0 are doubly degenerate (Kramers degeneracy). Considering a doublet with energy E 0 , with corresponding eigenvectors u 1 , u 2 = T u 1 ,
and treating A as a perturbation, first order degenerate perturbation theory leads to the splitting of the Kramers doublet by an amount ±δε split . We find
For chaotic billiards, the splitting distribution is given by 8 P (λ) = dU ρ(U ) dA P (A)δ λ − δε split , (B5) where U is the matrix of eigenvectors of H 0 , distributed according to ρ(U ). (The form of ρ(U ) is not needed for the derivation.) The matrix A has distribution
where v is a positive number. Using the fact that P (A)dA is invariant under a unitary transformation with the matrix of eigenvectors of H 0 , one finds P (λ) = da db dc P (a, b, c)δ(λ − a 2 + b 2 + c 2 ), (B7)
After changing to polar coordinates the integral (B7) can be evaluated straightforwardly, and after rescaling from λ to x, defined by dx P (x)x = 1, one arrives at the Wigner surmise (32).
